We propose a framework in which the QCD axion has an exponentially large coupling to photons, relying on the "clockwork" mechanism. We discuss the impact of present and future axion experiments on the parameter space of the model. In addition to the axion, the model predicts a large number of pseudoscalars which can be light and observable at the LHC. In the most favorable scenario, axion Dark Matter will give a signal in multiple axion detection experiments and the pseudo-scalars will be discovered at the LHC, allowing us to determine most of the parameters of the model.
Introduction
The strong CP problem arises from the experimental observation that CP symmetry is respected by strong interactions with very high precision. In particular, bounds on the neutron electric dipole moment (nEDM) at the level of d n < 3 × 10 −26 e cm [1] , require the QCD theta angle to be tiny θ QCD 10 −10 . A very elegant solution to this puzzle is embodied by the QCD axion [2] [3] [4] . The axion is a pseudo-Nambu-Goldstone boson with a non vanishing potential generated by strong interactions, which dynamically relaxes the θ-angle to 0. Furthermore, the energy density stored in the oscillations of the field around the minimum of its potential constitute, in an expanding universe, a viable cold Dark Matter (DM) candidate. For all these reasons, the QCD axion represents a minimal and compelling extension of the Standard Model (SM).
Many experiments have been built to detect axion DM, with many others that will be operating in the near future. Interestingly, most of them rely on the existence of a coupling between the axion field a and the photons, described by the interaction lagrangian
The coupling g aγγ is generally non vanishing for the QCD axion, and typical models display a strong correlation between the axion mass and the coupling to photons
Currently, only a very small fraction of the QCD axion DM window is being probed experimentally by the ADMX experiment [5] . Existent proposals for future experiments, like improvement of the ADMX setup [6] or new axion detection techniques like ABRACADABRA [7] are expected to increase the sensitivity on the parameter space defined by Eq. (2), but they are still only able to cover a fraction of the whole QCD axion DM window. Most of the constraining power of axion DM detection experiments reside in the large g aγγ region, outside of the range roughly defined by Eq. (2) . It is however important to keep in mind that the strong correlation between m a and g aγγ described by Eq. (2) is not a generic consequence of solving the strong CP problem with an axion. The purpose of this paper is to show that the coupling g aγγ can indeed be arbitrarily large without spoiling CP conservation by strong interactions. We will show, for the first time, how this is indeed possible using a special realization of the clockwork mechanism introduced by [8, 9] (see also [10] for a broad overview, and [11] for an application to inflation).
The existence of models in which the QCD axion couples to photons with arbitrary strength broadens the scope of experiments like ADMX and ABRACADABRA, and opens up region in the axion parameter space covered by more than one experiments leading to a rich phenomenology with multiple signals and possible collider smoking guns for our construction.
The structure of the paper is as follows. In Section 2 we review the axion solution of the strong CP problem, its viability as a cold Dark Matter (DM) candidate, and the existing and planned experiments to detect it. As the majority of these experiments relies on the coupling of the axion to photons, in Section 3 we review the predictions of the simplest QCD axion models showing that they imply a very strong correlation between this coupling and the axion mass. In Section 4 we review the 'clockwork mechanism' which allows to obtain exponentially large axion decay constants and we show how this can be used to get arbitrarily large couplings of the axion to photons without spoiling its solution to the strong CP problem nor its validity as a DM candidate. In section 5 we discuss the phenomenological implication of this construction. We conclude in section 6.
A lightning review of axion physics
The axion is a Nambu-Goldstone boson of the Peccei-Quinn (PQ) symmetry [2] and the strong CP problem is solved by the following interaction [2] [3] [4] 
Non perturbative QCD effects generate a potential forā ≡ a − f a θ QCD , that relaxes the effective vacuum angle ā to zero, enforcing CP conservation. 1 In particular the axion receives a small mass
In models in which the axion field arises from the spontaneous breakdown of a global U(1) symmetry [12] [13] [14] [15] the effective interactions in Eq. (3) is generated if the theory contains colored fields carrying U(1) charge and if this symmetry has a color anomaly. Depending on the other gauge quantum numbers of the colored fermions (that can be the SM fermions in certain realizations [14, 15] ), the axion Lagrangian will contain additional interactions. Above the scale of QCD confinement (and the weak scale), the most general lagrangian describing axion interaction can be written as
where the sum runs over all the SM fermions. Below the QCD confinement scale a potential for the axion is generated by strong interactions. Furthermore the couplings in Eq. (5) generate interactions of the axion with photons, neutrons, protons, and electrons
1 We useG [7] , ADMX [6] , phase II CASPEr-EDM [16] and IAXO [17] . We also show the bound from the CASPEr-wind experiment proposed in [18] , for a 3 He target and the model in Sec. 4. In gray the region already excluded either by astrophysical observations or experiments as described in the text. The black solid line and brown band correspond to possible KSVZ QCD axion models (see section 3.1). The thin lines illustrate the prediction of the clockwork QCD axion for N − M = 2k with k = 1, .., 13 and with fermionic content as described in section 5. The star indicates the specific example used in Fig. 6 . In the upper band we show the initial misalignment angle needed to reproduce the observed DM relic density. The darker yellow band corresponds to the uncertainty on f for the axion to be DM in the Pre-inflationary axion scenario.
The couplings appearing in (6) depend both on the fundamental parameters of (5) and on QCD infra-red effects. The couplings to photons, neutrons, protons, and electrons are present at low energy even if they are absent in the UV. The axion has its minimum for a = f a θ QCD and V (ā) is a cosine function, approximately [19] .
The very small axion mass in Eq. (4) makes the axion a viable DM candidate. As the universe cools down and the Hubble parameter H becomes smaller than m a , the axion field starts to oscillate coherently around the minimum of its potential. The energy density stored in these oscillations behave as Cold Dark Matter (CDM). This fixes the amplitude of axion oscillations today to be θ today ≡ a today f a ≈ 3.6 × 10 −19 .
The initial conditions for the axion field leading to Eq. (7) and the explicit expression of the axion abundance in terms of those depend on the cosmological history [20] . There are two well known regimes depending on the relative size of the PQ symmetry breaking scale Λ PQ ∼ f a , the Hawking temperature during inflation T H = H I /2π and the maximal temperature achieved by the universe during reheating, T max .
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• Pre-inflationary axion, Λ PQ > max(T H , T max ): the PQ symmetry is already broken during inflation and does not get restored by reheating. Then the initial misalignment angle θ is a fundamental constant in our Hubble patch and the axion energy density is given by
where F (θ) accounts for anharmonicities of the axion potential and F (0) = 1. Eq. (8) is valid for f a 10 16 GeV, when the axion starts to oscillate before the QCD phase transition. This scenario is constrained by isocurvature perturbations.
• Post-inflationary axion, Λ PQ < max(T H , T max ): the PQ symmetry in not broken during inflation or gets restored during reheating. In this case Eq. (8) has to be averaged over θ and the absence of stable domain walls is required. An additional and uncertain contribution to ρ a in the Post-inflationary case comes from string evolution and domain walls collapse resulting in a possible range of f a given by
Detection of axion DM is a very active experimental field. Different axion DM detection experiments exploits different couplings appearing in Eq. (6) . The only model independent prediction of QCD axion DM is the existence of the coupling in Eq. (3) above the QCD confinement scale. This coupling induces a time varying nuclear EDM that can be looked for experimentally. This is the idea behind the CASPEr-EDM experiment [16] which plans to cover, in its Phase 2 stage, the relevant region for QCD axion DM for m a 10 −9 eV, or equivalently f a 10 16 GeV. A similar experimental setup, CASPER-wind [18] , is also able to probe the axial couplings of the axion to quarks.
Currently, the strongest constraints on QCD axion DM, even though limited to a narrow mass region around m a ≈ 10 −6 eV, come from the ADMX experiment [5] . ADMX exploits the fact that if the coupling c γ is non vanishing below the QCD phase transition (which is generically the case for the QCD axion), then in the presence of a constant magnetic field, axion DM can generate an electric field oscillating with frequency ω = m a c 2 / , the axion Compton frequency. This oscillating electric field can in turn be detected by a cavity whose size is comparable to the axion Compton wavelength. This resonant effect turns out to be a limitation for ADMX to extend its reach to smaller axion masses (larger values of f a ), as they would require very large cavities. However future upgrades of the experiment [6] , including an High Frequency run, should cover more than 2 decades in axion mass.
A recent development in the detection of axion DM, in particular through the coupling to photons, comes from the ABRACADABRA experiment [7] . In this experiment an oscillating magnetic field, generated by the axion field oscillations, is detected through a superconducting SQUID loop. This approach does not rely on the observation of a cavity resonance and can in principle cover a large range of axion masses.
The planned reach of ADMX-HF, ABRACADABRA, the second phase of operation of CASPEr-EDM and CASPER-wind, are all shown in Fig. 1 in the (m a , g aγγ ) plane under the assumption that the axion constitutes the whole DM energy density. 3 We also show the reach on the parameter space of the model presented in Sec. 4, of the experiment proposed in [18] , aiming to detect axion couplings to nuclear axial currents. As the figure shows, these experiments do not only probe the QCD DM axion line but they cover a much wider fraction of the parameter space in which the coupling to photons can be several orders of magnitude larger than the standard QCD axion prediction (represented by the brown shaded region in Fig 1) .
The gray region in Fig. 1 represents a collection of existing bounds on the axion parameter space both from experiments and from astrophysical observations. Apart from the present ADMX exclusion the gray region contains bounds from helioscopes (CAST) [21] , from the lack of detection of a γ ray burst associated with supernova SN1987A [22] , non observation of spectral irregularities by Fermi-LAT [23] and H.E.S.S. [24] , and from astrophysical observations related to horizontal branch stars in Galactic Globular Clusters [25] . The vertical gray band corresponds to the region excluded by black hole superrandiance [26] . For a more detailed discussion of the bounds we refer the reader to [27] and references therein. Finally Fig. 1 includes projections from next generation helioscopes, IAXO [17] .
The standard QCD axion
In this section we review how KSVZ models solve the strong CP problem and we discuss the size of the coupling of the axion to photon (and matter) they predict. 4 
KSVZ model
In the original KSVZ model [12, 13] the field content is a complex scalar field φ and a vector-like pair of color triplet fermions ψ, ψ c . The action of the PQ symmetry is φ → e iα φ, ψ → e −iα ψ, and therefore forbids a Dirac mass for the fermions. The lagrangian of the model is
The U(1) symmetry is assumed to be broken spontaneously with
, where ϕ is a radial mode and a the axion. The fermions obtain a mass m ψ = yv. Integrating out the colored fermions assuming yv m Z , we get eq. (5) where however all the coefficients are vanishing and f a ≡ √ 2v. Upon confinement the axion a inherits couplings to photons and nucleons [19] 
These contributions are model independent effects from low energy QCD. The prediction of the standard KSVZ axion is shown as a thick black line in Fig. 1 .
Variations over KSVZ
Many variations can be built starting from the simplest model. In particular in the case where PQ acts on a new sector of fields, we can explore the presence of more than one vector-like pairs. The KSVZ can be easily extended to allow for generic representations
where r = (r 3 , r 2 , r Y ) is an irreducible representation of SU(3) c × SU (2)×U (1) Y , and r c its conjugate. After the spontaneous PQ breaking, φ = v, we can integrate out all the heavy fermions and we generate the following interactions,
where T (r) is the index of the representation r (it is the charge squared for U(1) Y ) and dim(r) its dimension. In this model we define the Domain Wall (DW) number,
and
where Q r is the electric charge. The low energy couplings are,
Using different representations it is possible to deviate from the standard KSVZ scenario, especially below the QCD line in the (m a , c γ ) plane. As discussed in [28] when two or more representations are present it is conceivable to get a cancellation in the predicted value of c γ . The brown band in Fig. 1 shows the prediction of the set of KSVZ models listed in Table II of [28] . They all use a single irreducible representation of the SM gauge group to generate both the color and electromagnetic anomaly. The dashed brown line in the same plot shows that when more than one irrep is used cancellation may occur, as it is the case if the fermionic content is for instance r 1 = (3, 3, −1/3) and r 2 = (6, 1, −1/3), and E/N = 23/12 ≈ 1.917.
We want to emphasize, however, that is difficult to robustly amplify c γ in this context, since the models quickly require very large hypercharges and/or large SU (2) representations. In the following section we describe a model that easily enhances c γ and naturally predicts values for the axion coupling to photons that will be testable at future experiments.
The clockwork QCD axion
In this section we review the clockwork mechanism [9] and show how it can be used to generate a QCD axion with an exponentially large coupling c γ . 
The clockwork mechanism
Consider a set of N + 1 complex scalar fields φ n , n = 0, . . . , N , with the following renormalizable potential
The potential in Eq. (17) has an unbroken U(1) CW symmetry under which φ n has charge 1/3 n . In the limit in which κ n = 0 a full U (1) N +1 global symmetry is restored. A whole set of U(1) N +1 symmetric quartic couplings |φ n | 2 |φ m | 2 has been neglected for simplicity. To simplify the discussion we will assume m
Furthermore it is natural to assume κ λ as this condition is not spoiled by renormalization. In this limit, the scalar fields can be expanded around their vacuum expectation value
The mass of the radial modes ϕ n is of order √ λv, so that in the limit λ κ they are much heavier than the angular modes. We will thus neglect the radial variables and focus on the angular ones. Their spectrum contains a massless mode, the Nambu-Goldstone mode from the breakdown of U(1) CW and a set of N massive modes with masses of order √ κv. Plugging Eq. (18) back into Eq. (17) one obtains the following mass term for the πs
where in our case q = 3. The mass matrix for the angular mode is thus tridiagonal due to the nearest neighbors nature of the quartic interactions. Writing a generic eigenvector of the matrix M 2 as u = (a 0 , . . . , a N ) T , such that M 2 · u = λu and introducing two fictitious entries a −1 and a N +1 , one has the following set of constrains
2 )a n − qa n+1 = λa n (n = 1, ..., N − 1)
The homogeneous difference equation on sites 1 to N − 1 is formally solved by the ansatz a n = uw n , with
Eq. (21) 
• Real w 1,2 . Let us write w 1 = w and w 2 = 1/w, with w > 1. Let us also assume that u 1 = 0 and set u 1 = 1 and u 2 = u. One can then show that the boundary conditions at the zeroth and N th site are never satisfied. Allowing u 1 = 0 on the other hand both boundary conditions imply w = 1/q which in turn gives λ = 0. This solution defines the massless mode for which
• Complex w 1,2 . The characteristic equation has complex solutions for (1−q) 2 < λ < (1+q) 2 , so that the clockwork spectrum will be bounded between these two values. Furthermore we can rewrite the solution of the recursion as a n = sin nθ + u cos nθ.
Plugging this back in the recursion relation requires
The boundary conditions at sites 0 and N imply
The second boundary condition is solved for all θ of the form
with integer i. Given Eq. (23) and (25) the only valid solutions are for i = 1, . . . , N . These provide the N eigenvectors with non-vanishing eigenvalues Combining eq.s (22)- (27) we can now define the mass eigenstates as A i with masses m i to be
Notice that for fixed N the mixing angles are bounded by 2/(N + 1) as a consequence of having a large number N of states. The spontaneously broken U(1) CW symmetry under which φ n → e iQnα φ n with Q n = Q 0 q n is non linearly realized on the angular fields as
while A n → A n for n = 1, . . . , N . Q 0 is an arbitrary normalization of the U(1) CW charge that can be set to one, and C 
The clockwork spectrum is shown in Fig. (2) . The striking feature of this construction is the structure of the wavefunction of the zero mode in field space. The overlap of the massless axion with the high-n sites is exponentially suppressed by a factor 1/q n . This implies that while the fundamental NGB decay constant is f , the effective decay constant observed by the n-th site is exponentially larger, q n f .
A photo-philic QCD axion
Turning the previous construction to a solution to the strong CP problem is easy. It is enough to introduce a pair of colored fermions ψ r and ψ r c in a representation r, such that the Yukawa coupling
is allowed by their U(1) CW charges. Upon the field redefinition in (28), the original variables φ j can be expressed as
This makes manifest that the field range for a is ∆a = 2πq N f . When colored vector-like fermions are on the j-th site (in general j ≤ N ) as in Eq. (32), the effective coupling of the axion to gluons obtained integrating out the colored fermions is as in Eq. (3) with
where with T (ψ r ) we refer to the index of the SU(3) c representation of the fermion ψ. Therefore the DW number of the theory, or alternatively the number of zero energy minima in the axion field range is
In order to have N DW = 1 we need j = N and just one pair of vector-like fermions in the fundamental of SU(3) c . In order to make this colored fermion unstable we consider the case where ψ r has the same quantum numbers of the left-handed SM quarks U or D, we define it as ψ U,D (and ψ U c ,D c their vector-like partners). Away from the limit j = N , the DW number grows generically as N DW ≈ q N . If there is more than one site with colored fermions, the above formula needs to be corrected.
In order to generate an exponentially large coupling of a to photons we introduce, for simplicity, a single set of color neutral vector-like fermions coupled at site M , M < N
where the fermions have hypercharge Y (ψ E ) = −Y (ψ E c ) = 1 and no SU(2) charge. This choice also ensures that the fermion is unstable and we need not to worry about stable charged relics.
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Notice that the mass of the fermions coupled to the clockwork sites is set by the size of φ n ∼ f and not by the effective decay constant f a . Figure 3 : A schematic representation of our construction. Each site represents a scalar field and each link represents the nearest-neighbor structure of the π mass terms in Eq. (19) . At sites N and M we couple the vector-like fermions which are responsible for the generation of the color and electromagnetic anomaly.
The axion-photon coupling obtained integrating out the heavy fermions is
where
Therefore at low energies,
We have thus found that the coupling to photon can be exponentially large, and its size is controlled by the 'distance' between the site coupled to colored fermions and the site coupled to only electro-weak charged ones. Given this dependence, it is also manifest that the contribution to c γ is only marginally affected by sites i with M < i ≤ N : their presence will only add a correction of O(q −|i−M | ) to the above formula. A schematic representation of our construction is presented in Fig. 3 .
Clockwork axion window: constraints and signals
The parameter space of the clockwork QCD axion is vast. Imposing that the couplings in Eq. (17) are equal is in principle not necessary. Also, the fermion content can vary. In order to keep our discussion as simple as possible we will make various simplifying assumptions that will not hide any qualitatively new effect.
We will keep the assumption made below Eq. (17) of all quartic and masses to be equal. We will furthermore stick to the very simple fermionic content of the previous section, with color triplet fermions ψ U or ψ D to generate the QCD anomaly and hyper-charge Y (ψ E ) = 1 singlets to generate the large coupling to photons. In particular, in order to avoid any additional complication with a very large DW number, we will couple the colored fermions to the N -th site, implying N DW = 1.
Axion physics depends on three parameters, the fundamental symmetry breaking scale f , the number of sites N , and the site M at which the color singlet and electrically charged fermions couple. Using Eq. (34) and (38) we have
For the special fermion content we are considering ζ = 2. The lines of constant N − M in the (m a , g aγγ ) are shown in Fig. 1 , for the special choice of representation made in this section. Notice however that the whole plane can in principle be filled. One important observation to be made is that the coupling to photons in Eq. (40) generates, at one loop, non vanishing values for the couplings c i in Eq. (5) of the axion to quarks and leptons. While for c γ = O(1) the size of this contributions is negligible, it can be important for c γ as in Eq. (38) . We find
where Q i is the electric charge of the fermion ψ i , m ϕ is the typical mass of a radial mode, and Λ is the QCD confinement scale. Such coupling can be detected by the CASPEr-wind experiment proposed in [18] . In Fig. 1 we show the reach of this experiment for a (10 cm) 3 3 He target with full nuclear polarization. We assume m ϕ ∼ 1 TeV to draw the line.
For the special case M = 0, the smallest possible value of f and hence the largest possible value of N , is set by the experimental upper bound on g aγγ . For f a between 10 8 and 10 16 GeV, excluding the ADMX window, the bound coming from CAST is roughly constant given by g aγγ 10 −10 GeV −1 , which gives f 2 × 10 7 GeV 10 −10 GeV 
Eq. (42) implies that, unless the couplings κ or the fermion Yukawas are tiny, all particles in the spectrum except the axion will be heavy. If M > 0, on the other hand, f can in principle be arbitrarily small. In particular one interesting scenario arise if f is around the weak scale, as it may also be motivated by the hierarchy problem. In this case, Eq. (42) can be turned into a lower bound on M , M 11.2 − 2.1 log 10 f 100 GeV − 2.1 log 10 g max aγγ
while Eq. (43) now applies to N − M . If f ∼ 100 GeV and κ 1, the heavy angular modes are around the weak scale. These angular modes, a trademark of the clockwork mechanism, are the subject of the next section where we will be discussing their phenomenology in both limiting cases M = 0 and f ∼ 100 GeV.
Phenomenology of clockwork pseudoscalars
We have identified two minimal renormalizable models defined by the combination of vector-like fermions ψ E + ψ U and ψ E + ψ D at sites M and N respectively. The interactions of the angular modes with the SM are inherited from the couplings in Eq. (32) and (36) . Neglecting the radial modes they give
As already pointed out the the fermions get a Dirac mass m ψ E ,ψr = y M,N Cf / √ 2. Assuming κ y M,N , so that the fermions are heavier than the angular modes, the couplings to the gauge bosons at leading order in m 2 A /m 2 ψ E ,ψr , are obtained performing a field redefinition
Due to the anomaly associated with such a transformation, and taking into account the quantum numbers of the fermions, the following interactions are generated
where Y = −2/3, 1/3 is the hyper-charge of the fermions U and D respectively, and the factor 3 takes into account the color multiplicity. 7 Using Eq. (28) to go to the mass basis, one finds the following decays width to gauge bosons
As a limiting case it is useful to start discussing the M = 0 case. In this case f , Eq. (42), is large and the coupling to SM highly suppressed. For masses above the GeV scale, the decay rate of the angular modes is dominated by the coupling to gluons. For M = 0, all mixing angles are proportional to sin iπ/(N + 1), which means that, roughly, the minimal and maximal lifetimes are attained by A N/2 and A 1 respectively Such lifetimes are extremely small unless the quartic κ is tiny. When f ∼ 10 7 GeV lifetimes as large as a second can be obtained for κ ∼ 10 −17 , for which the angular modes weight O(100 MeV) and decay to photons. In this regime, BBN and CMB constraints [30] demand the pseudoscalars to be short-lived τ 0.1 s. Moreover, for masses up to 300 MeV, shorter life-times are also constrained by the duration of the neutrino pulse from SN1987A [31] . We will not discuss the small κ region any further, even though the presence of many light weakly coupled scalars could have interesting phenomenological implications.
Moving now to discuss the case M = 0, Eq. (44) shows that unless M is largish, O(10), f will be much larger than the weak scale and the angular modes very weakly coupled to the SM. It is only when M 10 that f is allowed to be small. There is thus an interesting limiting case to consider which is realized when f ∼ 100 GeV and κ 1, so that all pseudoscalars have weak scale masses and sizable coupling to the SM and can in principle be produced at the LHC. As the angular modes couples to gluons and photons the simplest channel to consider is pp → A i → γγ, through gluon fusion. 8 In the narrow width limit, the cross section for the signal is given by
where s is the collider center of mass energy, and C gg is a dimensionless integral of the gluon parton distribution
To simplify further the discussion, we notice that for all the massive pseudoscalars Γ A is typically dominated by the two gluons channel. In this case we can write more explicitly
Using Eq. (48) we obtain, for given N , M and i
The function F is a quite complicated oscillating function of i displaying beats. We show it in Fig. 4 for q = 3 and Y = 1/3 and various choices of N and M . We notice however that despite its intricate dependence on N, M and i, F is strictly bounded from above bȳ
Notice in particular thatF is just the function λ of Eq. (27) describing the masses of the angular modes, apart from a numerical prefactor. These considerations suggest that we can write an upper bound for the signal of Eq. (50) as
where, for fixed f and q = 3
While a precise bound on a specific clockwork model, depending on N , M , f , and κ, would be quite difficult to obtain, Eq. (56) allows to understand very easily how small f can be and still be unconstrained by the LHC. In Fig. 5 we draw the existing upper bounds on σ×s/C gg , which is the relevant dimensionless quantity, and compare them with the upper bound in Eq. We show observed and expected limits from ATLAS [33, 34] and CMS [35] both at 8 and 13 TeV (solid lines). We also present projections for LHC13 with 3000/fb (dashed lines). The black lines superimposed on the limits show the upper bound, Eq. (56), on the signal cross section predicted by the clockwork QCD axion for f = 50, 100, 250, 500, 1000 GeV from left to right and two choices of N , N = 15 (dashed) and N = 30 (full).
the same plot we also show the expected final reach of the LHC obtained by rescaling the current expected limit according to the final integrated luminosity which is assumed to be 3000 fb −1 . One of the most important consequences of our construction is the possibility, perhaps overly optimistic, of multiple signals in different experiments. In Fig. 6 we consider a set of parameters for which axion DM can in principle be detected by both ABRACADABRA and CASPEr (during its second phase of operations). This special point is marked by a yellow star on Fig. 1 . Furthermore since the fundamental axion decay constant f is chosen to be small (but not too small to be already excluded) a striking signal will show up at the LHC, where many resonances decaying to γγ (and in principle to Zγ and ZZ) will be observed in a narrow mass range between 350 and 650 GeV, allowing to reconstruct the parameters of the model. The dijet rate will behave similarly to Eq. (56) with the replacement α → 2α s /(1 + 3Y
2 ) for the model under consideration. While below current experimental limits, it is possible that future CMS dijet scouting searches could reach the necessary sensitivity [36] .
Discussion and outlook
Before we conclude our discussion we would like to say a few words on how to reconcile this scenario with models that offer a solution to the ever lasting Naturalness problem.
The model has two main fundamental parameters, the scale f and the number of sites N , that in our discussion have been treated as free parameters. However, as observed in [10] , the presence of the scale f can be connected with the inverse size of an extra-dimension with each of the N sites corresponding to a location on such extra-dimension. When the analogy with the continuum limit is pushed even forward, the authors of [10] have also realized that the "clockwork" mechanism is reproduced by a 5D metric dual to some Little String Theory models [37, 38] . A value of f around the weak scale would solve the hierarchy problem in a way analogous to how large extra dimensions solve it: the ultimate cutoff of the theory, the scale of quantum gravity, is low, around the weak scale. We will not comment further about this point of view but we notice that it may be possible to realize a photo-philic QCD axion with weak scale f in this setup, by introducing an additional brane on which the electromagnetically charged fermions are localized. Another possibility to connect our discussion with a conventionally natural framework is offered by supersymmetry and was sketched in [9] . Because of holomorphicity, the existence of a PQ symmetry requires the presence of at least a pair of chiral superfields Φ j andΦ j with j = 0, 1, ..., N , with a superpontential given by
where the first term has two unbroken U(1) 1,2 symmetries with hierarchical charges. In order to realize the clockwork mechanism, W and possibly the soft terms need to break spontaneously a U(1) N +1 symmetry that acts on all the Φ,Φ and that includes a linear combination of U(1) 1,2 as a subgroup. After the spontaneous breaking at a scale f , and below the scale of the massive fields, the Goldstones can be parametrized by Φ j = f exp(Π j /f ),Φ j = f exp(−Π j /f ). Expanding the superpotential we recover the same mass matrix for the Π i as in Eq. (19) but with q = 2. There is an axion and N massive states with m i = f λ (i) , notice the different scaling with λ as compared to the non-supersymmetric case. In case U(1) N +1 is mostly broken by soft terms, f would be proportional to the scale of superpartners, rather than being a supersymmetric parameter, opening the connection with supersymmetric scenarios at the TeV or intermediate scale.
We think that these interesting theoretical aspects deserve future attention.
Irrespective of the UV description, however, we believe that our discussion already captures the phenomenological aspects of the clockwork scenario. The main novelty is a QCD axion with a very large coupling to photons. This situation is typical in "clockwork" models, since the effective decay constant of the axion depends exponentially on the 'distance' between two sites in the "clockwork" chain. Therefore, if the sites with QED and QCD interactions are sufficiently 'distant' in theory space, an exponential hierarchy is naturally generated among the coupling to photons and gluons. The interesting case is when the photon coupling is exponentially large, since this opens a new region in the parameter space for the QCD axion. As depicted in Fig. 1 the clockwork can be very similar to the standard QCD axion, but it can also deviate substantially from it. An interesting benchmark is where the axion is DM and in the reach of planned future experiments such as ABRACADABRA and CASPEr, but also ADMX and IAXO. We would like to stress again that this region could not be reached with standard QCD axion models, since it would require exponentially large electric charges Q or an exponentially large number of new particles N p , but perturbativity requires Q 2 N p 4π/α. In general the parameters f and N are free. However, an interesting correlation between a photo-philic QCD axion and LHC physics arises when the fundamental scale f is around the weak scale. The N pseudoscalars have now masses within the reach of LHC and sizable coupling to photons and gluons. Despite the huge number of fields, the rates can be computed analytically thanks to the exact diagonalization of the mass matrix. We have found that the most interesting channel is diphoton, where we expect a large number of scalars to have sizable rates. Another important decay channel is Zγ where the rate is just a factor of 2 tan 2 θ W smaller than diphoton. In Fig. 5 the projected sensitivity of LHC with 3000 fb −1 suggests that a relevant part of the parameter space will be explored. In this case we show, as an example, a choice of parameters where we can have signals in ABRACADABRA and CASPEr and, at the same time, the model can be discovered at the LHC.
Finally we remind the reader that we assumed for simplicity the couplings m, λ and κ do not vary from site to site. Furthermore we imposed κ λ to decouple the physics of the radial modes. The first assumption is not strictly necessary for the clockwork mechanism to operate and deviation from it will affect the LHC phenomenology of the model in a way that can be interesting to study. The radial modes can be, on the other hand, an additional source of interesting LHC signatures that deserve further study.
